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ABSTRACT

The physical properties of the symmetric and antisymmetric motions, such as the conservation of the ab-
solute angular momentum, the mutual conversions between various forms of energy, have been analysed by using
the sets of equaticns in p-coordinates controlling the motions in the primitive equation model atmosphere. The
results show that only the symmetric component of zoral geopotential difference caused by orography and that
of the zonal frictioaal torque, have contribution to the change of the global angular momentum, and that the
mutual conversions between various forms of energy, in addition to those similar to the results in the classical case,
irclude those associated with the symmetric and antisymmetric motions.

Key words: symmetric and antisymmetric motious, physical properties, symmetric and antisymmetric energy,
energy conversion

I. INTRODUCTION

By analysing climatic data it was found in articles(Liao,1985; 1986) that a lot of meteoro-
logical elements were mainly symmetrically distributed with respect to the equator, such as the
geopotentials, temperatures, zonal mean west winds at 500 and 1000 hPa levels. Considering
that global long-term weather anomalies are closely related to global iong-term abnormal an-
tisymmetric distribution of relevant meteorological elements, it seems that to study the latter
would definitely contribute to understanding the former. For this purpose Liao and Zou (1987)
derived the equations controlling symmetric motion and those controlling antisymmetric mo-
tion in the barotropic filtered model atmosphere, and the corresponding energy budget equa-
tions and energy conversions between the two kinds of motions. In addition, they pointed
out that the asymmetric distribution of orography and that of horizontal diffusion coefficient
may be the cause for producing asymmetric motion. Furthermore, the author (1985) discussed
the symmetric and antisymmetric motions in the primitive equation model, presented the dy-
namic and thermodynamic equations describing the motions and analysed their physical prop-
erties.

This paper is a continuation of those articles previously mentioned. It aims to discuss
the mutual conversions between various forms of energy associated with the two kinds of mo-

tions.

II. EQUATION SETS CONTROLLING SYMMETRIC AND ANTISYMMETRIC MOTIONS

According to Liao (1985), we have the following equation sets controlling the symmetnc
and antisymmetric motions in the primitive equation model atmosphere. :
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(1) Symmetric Motion

DTV eV VIV 0.2 0, O
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(2) Amntisymmetric Motion
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Here any scalar quantity A can be expressed by
MAsp,pat) =M (A, pot) =M (A9, pot), (9)

where subscripts S and 4 stand for the symmetric and antisymmetric components of Af; M,
and A, have the following relations respectively:

]\fg(/lu,tp,p,t):]\[g(ﬂ,—(p,p,f) . (10)
A{A(Ayﬁvapyt):_j‘/[,q(/l,_(p,pyt) f (11)
As for wind V and frictional force F', we have
V(l,qa,p,f)zvs-(/19(}99p’f)+VA(As(}99P9l‘) (12)
and
F(A,m,p,f):Fs(/ly(]hP’f) +F.4(7u<p,p,l‘) ’ (13)

where VS=u5i~'rvAj, Vimugd+osdsFo=(F)si+(Fo)ds Fa=(F;) 4+ (Fo)si.
In the above, the symbols which have not been explained are conventional in meteorologv.

It can be seen from Eqgs. (1)—(R) that symmeiric and antisvmmetric motions are mutually
interacted and restricted.

11I. TIME VARIATION IN ANGULAR MOMENTUM

As is known. the angular momentum per unit mass m can be expressed by
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m=a(af2cosp +u)cosp , (14)
and
dm_ _ 9% .
7t 27 +acosp-F; (15)
Using the continuity equation, the above equation can be written in the form
om oma _ _ 8¢
+VemV +=—"= =+ F ‘
3t 2p 5 Tecose (186)
Define symmetric angular momentum ¢ and antisymmetric angular momentum rm, as
ms=a(afQcosp +us)cosp (17)
™M4= QU 4CO8 P (18)

Then Eq. (16) can be split into two equations which control the local variation in ¢ and that

in m, respectively, namely,

a;”ﬁ +VemsVs+Veom Vit %mswﬁ%mw

= _a;s; +acosg+(Fi)s
and

a;ntA +\7 mSVA-{-V mAV + aap msau-l-%mdws

= _3;5; +acosp: (F;)4

Then, under the vertical boundary conditions at p=0 and p, (surface pressure)

o=0 ,
the equations
OMs_ _ S s [ .
- o 2l dM + acosp*(F3)sdM
and
oM 4
at 0 ¢
can be derived. Hence
aM _OMs
o ot

where M=M;+M “%S (  )dM represents the integral of the entire atmosphere,
G
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The above equations show that only the zonal differences of the symmetric components of
¢ caused by orography and the symmetric components of /7, contribute to the time variation
in the global total angular momentum; and the global total »;, always vanishes.

IV. TIME VARIATION IN VORTICITY

Making curl operator on Eqs. (1) and (2), we can obtain the vorticity equation controlling
symmetric motion and that controiling antisymmetric motion.
(1) Symmetric motion

94 + Ve Vnat+V,i-Vistos 4 T @4 s +4sV-V 4,

ot ap 0P

+nAv-Vs+k-(v@S><aV5

oV 4
2p +VaaX ap )

OTs

2p (25)

=-—gk-VXx

(2) Antisymmetric motion

2 -
agts +V5'V§3+VA'VﬂA+a)saips+ QA%YI])—A'}"SSv'VS

aVA-f-Va)A X 8V5>

+7]AV'VA+k'<V(DSX 2p op

' o7
=—qgk- X'_A;
where ¢ is the vertical component of relative vorticity; 5=¢+f, absolute vorticity; 7
frictional stress; the others are all the symbois conventionally used in meteorology,
It should be noted that we have already taken
F = ga‘r/@p [
CA =k'VX VS ’

and
(s=k-VXV 4.

It will be seen that like the case of equations of motion, the symmetric motion and the
antisymmetric motion characterized by the corresponding vorticity equations are still mutually
interacted and restricted.

Egs. (25) and (26) can aiso be written in the form

4 _ _o. ( . oV oV an)

31‘ V T]AVS+35VA+Q)$ ap Xk+0)4 ap Xk gkX ap 3 (27)
and

Os _ ( oV 4 Vs, p if_)

pn Vel ésVs+niVaitas 2p X R+oa4 % x k—gk x o5 ) (28)

respectively. Hence, at any isobaric surface without intersection with the earth surface we
have
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YA
=0 .
ot (29)
and
8Z4 _
o 0, (30)

where 7 and Z , are the integrals taking ¢, and 5 (or ¢ ,) as the integrands over the en-

tire spherical surface respectively.

Eq. (28) indicates that the conservation of Z; or Z , still holds if a certain term in the
bracket on its right hand side is neglected. Therefore, it is convenient to simplifying the
vorticity equation for describing various scale symmetric motions or antisymmetric motions
appropriately on the basis of comparing the order of magnitude of its terms.

V. ZONAL MEAN MOTION AND PERTURBED MOTION

1. The Equations Controlling Zonal Mean Motion and Perturbed Motion
Separate the related scalar quantities and vector quantities into zonal mean components

and perturbed components, namely,

M=M+M |, (31)

V=V4+V' , (32)
and

F=F+F , (33)

where ( ) stands for zonal mean quantity, ( Y perturbed quantity. The former can be

formulated as

(=) di (34)

0

Making zonal mean operations on Egs. (1)—(4) and (5)—(8) respectively, gives the equ-a
tions controlling zonal mean motion

Vs (VeNWVs—(VaoNV = (VEVIVE = (Vi) V

ot
Vs VvV, eVi_ ., 8V,
s op 4 op s 20 Y 20
—zgx—‘}_s"Vﬁ_bs—F_S ] (35)
oL 0s
Y vs+ap 0, (36)
m J— _ faged — 7 7 12 ’ — aT
agts =—VsVTs— V4 VT~V VT~V VT,—-@s 3ps
. aTA_,aTg_,aT; _&T_
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2¢s _ _RTs
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and
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Sap “tap Cap M op
+ B P+ T @+ Tioi+Toor) +34 (41)
Cop Cr
034 _ _RT,
25 > X (42)

From Egs. (1)—(4) and (35)—(38), and Egs. (5—(8) and (39)—(42) the equations con-
trolling perturbed motion are written as

3;S=—(Vs-v)v;—(vg-w Ve (V-0 Vit (VIV)VE

—(VaVVL—~A(ViVNV (VLN Vi+ (VN V,,

_ Vi aVS_w, aV’st,q oV’

—ws 5
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@4 ——ap (o) ap a4 3_P +aj ap
-2 xVi-Vosi+Fs , (43)
’ aw’s .
VvV + 2p =0. (44)
625 =V V4=V VTs—VLi-VTi+ ViVTs
= aT;‘ _ ’ aTS _ ’ a_ji ’ a_z_;;
ws——ap as 2p @s 2p + o5 ap

~V VT4~V 4 NT =V VT, + V VT,
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+
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can also be obtained.

2. Mutual Conversion between Zonal Mean Energy und Perturbed Energy

Forming the scalar product of Eq. (35) and V 4, and of Eq. (39) and V , gives

oK, _
ot

and

—C(I?S’EA)_C(I?S’K.;‘)_C(KS’PS)+D(KS)

(45}

(46)

(47)

(48)

(49)

(50)

(51)
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CA=C(Ks, K)—C(K4HK)—C(K 4, Ps)+D(K L), (52)

ot
where
T(S=Lj 7 VSdM;I?FiS LV, V.du,
g')é2 gle
C(I?S.I?A)=lj Vs [ (Vv +8.2 4| anm,
gle opP
C(RoKi) =1 Vo [(VENVE+ VIV
RAR A’i&]
+ ag ap +.0% ap dM,
C(B4K2) = ﬂa%-[(vg-vw; + VLNV
LoV, ,aV;]
+Q)Sap +O.)Aap dM,
C(Kssps)ZLS R Tsade ’
glcerp
= py_1( B - _
C(KA,PS)—ESGCPPTAwAdM .
D(K ;) =lj Vo FsdM
g G
D(KA) :—1'SGVA'—AG'M
From Egs. (37) and (41) it follows
agts ~C(EgyPs) +C(E 3 Ps) +C(K s Ps)+C(KPs) +Q(Ps) , (53)
and
oP, _
o ’ (54)
where
PS=-1—S coTsdMs PA=LS erTdM
gle g e

C(Ké,Ps)=%L§fT§co§dM :

C(K;,Ps)=l§ RoyioidM
glep
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Q(P;) =- s- gsdM
If we define

Ki=L{ dvivias ki=1] Lvivian

| corsams pu=2{ c,riam
.G g-c

then

0K:_ oK oK
ot ot ot

’

0K,_08K. 0K,
ot Ot 4 ot

where
_1y1 _1{1
Ks—*—j Ve VidM; K,i——g =V 4V, dM .
gJc2 gle2
Then, from Egs. (1), (5), (51) and (52) we obtain

aK —C(E5 K3 ~C(K4 KL —C(K4Ps) +D(KL) (55)

aKA —C(E K +C(K3 K2 —C(K WP +D(KL) (56)

where

— oV =
CKi k) =1 Vo [(vinvito: T+ vi[vin V.
gle b

-

S v, DV its, Vi, 2V av,;]}
+(VA V)VA +(VA V)VA+(D op +a ap +a EY) dM;

D(K;)=Lg VI.FlidM; D(K;)=i5 V- FldM
gle gle

It will readily be seen that

oP; _
P 0o , (57)
and
oP; _
0 . (58)

From Eqgs. (51)—(58) the transformation relationships between various forms of zonal
mean energy and of perturbed energy can be seen. They are illustrated in Fig, 1.



560 ACTA METEOROLOGICA SINICA Vol. 5
—— K5 D(Ks) D(E)"E"“'ﬁ
cu?s;A_s) C KA,
. _ Q (As) ~d o C(A5,A0) ——wp =~ 0(Z,)
D(Kyy— K5 = C (K5, K,) == Koo DK V Citsayy cHan
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)

G(P
CLK4,Ps)

Fig. 1. Conversions

CKa,K}) Ay = C( A Ay )AL

s)
C(I\A, Ps)
DKL) -— K} ‘—aK;saKA) —’KA‘_“D(K,‘)

C(KoKe) CAz,AL) CA A,y CKuK})

'

CKé,45) CWKy, Ay

e K™D (Kg) D(Ks)=K,

various Fig. 2. Conversions between varicus forms of energy,

forms of zonal mean energy and
perturbed energy.

A<«C(4,B)—B stands_ for that A and B convert to each other through C(4,B); D(A4)<A, A s dissi-

pated through D(4): Q(4)—~A, A is produced through Q(A).

3. Available Potential Energy and Energy Conversions

Dividing the thermodynamic equation by the temperature 7', and then replacing it by the

global mean temperature [7°] and letting T=[7]+7T%, we have

1 (aT VT g 2T watrj_[w@T_*D

(7] ep op op
_ R g
cr0® " GolT]
Utilizing Eq. (9) and separating 7* into 7% and 7%, we obtain from Eq. (59)
aTS * * aTs 3TA olT]
+V e VI5+V VTt sap T+ 2b +as 2P
_[ or* ] RIT] q%
[w—ap +cpP s+ P
and
T x x aT”,; \ aTS oLT]

=R[T:|COA‘|‘ Q— ’
cpb Co

where g*=q%+q%.
Define

As=71g-1)chT’§’dM :

AA=?lg—chLTj’dM :

(59)

(60)

(61)

(62)

(63)
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where v=<[T]—Pch"@%>
Multiplying Eqgs. (60),(61} by T% and T% respectively and noting that
SGTSa)Sa’M=SGT§code ,
give
P45 — —Cdsr A) +C (K51 45) +Q(4s) (64)
and
044 _ (A5, 4,) +C(K 4y As) +Q(A (65)
7’_ S A A A Q( A) .
where
C(As, A4 = chS (VA VI%+awa o )dM s
g J¢é op
C(K s ds)=1| Brtoam-2{ Broaam
gle? gled
Qa9 =2 T1gtam
gJe
1{ R _
C(KA’AA) — —‘T a)AdM— TACOAdM ’
gle?
Y *
Q(AA —‘5 QAdM
g G
Let
TH=P 4T, P=T7% |, (66)
and define
s _ 1 )
A= zgyc,,LTde , (67)
Zuziyc,,[ LM (68)
29 G
A;:zivc,,LT; aM, (69)
§ T7:dM (70)

Then taking zonal mean operation on Eq. (60) and Eq. (61) and multiplying them by T's and

P, respectively, we obtain

085 < —C(A5s A0 —C(As, 43) ~C(Asy 42)

+C(Ks,45) +Q(4s)

(71)
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and
24, A~ C(Au A2 ~C(A4 A7)
+C(K 4 A)+Q(4,) . (72)
Subtraction of (71) and (72) from (64) and (65) respectively gives
245 = C(Asr A5) +C (A 45) = C (A1 42)
+C(K 5 A5) +Q(45) (73)
04— C (A5 A7) +C(Aur 42) +C (451 47) (74)
+C(K 4 AL +Q(42)
where
ClAssAs) = f 14(Va97 43 aan Jai

{73 7o 015
C(sr A5 =12 j <V5 V7 +os 2L )dM,

Cldsr A =120 2, (VEVTE+ @20 kanm
C(AA ):&E TA(VQ-VT”er; aT’)dM ’
g e "\ op
ClApa) =22 [ 2, (VETTI40i N
g Je op
C(KS,ZS)=l( Rt wosaM,
gleéD
C(KA!;{A =~1—j @TAEBAdZ\I,
glep

C(AQ,A;)—:%"LTE’ (T/_A-VTZ+V;-VTZ+6,, 381; tor 3;; )dM,

Q(A )———E stdA[ )
Q(AA)——S waadM
C(K 2% A2L) =§L—§Tg@;dM,

C(K;,A;)=l§ Reponran,
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Q(A;)=lj 2qtdM,
gJe

Q(4) =-’ij rq1dM.
gle

It can be seen from the above expressions that the conversion terms C(K s, P5s),C(K 4

P),C(K3sPs),C(K%, Ps) in Egs. (51), (52) and Egs. (55), (56) are the same as C(Ks,
A5),C(KE ,,A),C(KL, ALY, C(K 4, A,) in Egs. (71)—(74)respectively. Then it follows
aaKtS:“C(I?wKA)—C(I?s’K;)—C(KS’ZS)_I_D(KS)’ (75)
OPt=C(R K~ C(K0K2) -C(RnA) +D(K) (76)
ORi=C(R 51 K5) —CK LK) —C(K§, 45 +D(KE) 7
95.4=C(KA,K;)+C(K;,K,’,)—C(K2,AQ)+D(fo) . (78)

The above equations indicate that in addition to the conversions between available
potential energy and kinetic energy, at the present case there are still conversions between
symmetric energy (including available potential energy and kinetic energy) and antisymmetric
energy, and cross conversions between zonal mean energy and perturbed energy such as
C(As,AL) and C(4 4, 4%) and so on, The conversions between various forms of energy can
be iliustrated in Fig. 2. It shows that the energy conversions are much more complicated
than those cases without separation of the motion into symmetric and antisymmetric
components, and much more complicated than the other cases in this paper.
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