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Abstract Over the last 10 years it had major advantages in super computing that the higher and higher resolution
was adopted in atmospheric numerical models for various scales. And this in turn provides possibility and necessity
for using an implicit scheme. Zeng and Ji proposed a scheme with energy conservation in 1981. However, the con-
vergence of iteration involved in the fully implicit scheme remains a key issue to solve. JENK (Jacobian-free Newton-
Krylov) method, a highly efficient method for solving implicit nonlinear equation, has been successfully used in
many fields of computational physics.

JFNK method is a nested iteration method for solving the nonlinear partial differential equations (PDEs), which
is synergistic combination of Newton-type method and Krylov subspace method, without forming and storing the el-
ements of the true Jacobian matrix. Some studies have shown that the fully implicit method solved by JENK is more
efficient and accurate than the semi-implicit method for a given level of accuracy and for a given CPU time.

This paper, based on the 1D nonlinear advection equation (namely the inviscid Burgers equation), a number of
comparative simulations, with the 2-order fully implicit (IM) schemes, the 2-order explicit (EX) schemes and 2-or-
der semi-implicit (SI) schemes, have been carried out to investigate the necessity of adopting fully implicit schemes
and the effect of JENK method. The results show that the implicit scheme has better performance in comparison
with the other two schemes in terms of computational stability and accuracy, especially for the simulation of flow

system with strong current or large gradient of variables. These can be summarized as follows.
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(1) When the time step is smaller (say time step is 277, all the three schemes are stable; but the accuracy of

IM scheme is higher than it of the others. And with the increase of time step, the IM scheme remains stable, while

the other two become unstable up to time step is 2 *when basic flow is 0. 0, time step is 2~ ' when basic flow is 1. 0,

and time step is 2 °when basic flow is 2. 0.

(2) With the increase of basic flow, the advantage of IM scheme over the others becomes even more remarkable

with respect to the accuracy and stability.

(3) In the region of sharp gradient of variable, the IM scheme still shows clearly smooth and accurate simula-

tion, while for the SI and EX schemes false perturbations occur there and disperse both upstream and downstream

gradually.

The successful application of JENK methods on the inviscid burgers equation shows the prospect for the appli-

cation of the method to more complicated nonlinear equation in future.

Key words JEFNK method, 1D nonlinear advection equation, fully implicit scheme

1 5|8

— B LK, IE] 225077 A A BUEAR R — A
FEN A2 0, RF5 TR 25 73 5 R ANH AR
B b e RS B B AR P R[] It B A 8
e BT BE A SO0 . BTE, 25 BN 558X
Hh N P T) 26 43 7 22 AR B o 32 SR, 3k A
T8 J5 T v 77 A B TTURIN: i 200 5531 >R H e XA
220 B0 8 AN BIp O], AT IR 8008 ) a5 22 5L
[ LS PR R ] 25 AT A RV H5(E R TR 1
W, AR B 2 RO TR i 2, B0 e
BWPE R - SR AR Z AR g0 i 25 R,
AR AT A —E BB ik . AR 9 EUA
AR, HA m s L e A B Tk
R, R RAEAES L T R R T 4
FaURE P AEAR U 58 4y sr A% =0, (HH T4
B A A i 2% A S SIRT A v R A BIAR LT i e
JENK J5 3 4 R sR AR 4oty R4 it 17— 4
AR, WG, REFLEH XM TR
TEIYELREPERFSE . Hhln, Brown &M FESCER[ 10709
BEfl Bgg T JENK J7 2 i Soie s STk 11~
13 I0MHE 7 338 A v AT L 3 A — Sl T R
SIS SCERL 14~ 18 [t T Z E M A& (Multig-
rid) SR JENK J572:, Reisner ZEH021 it
JENK J5 16 K Az sh U g i AT 700261
S, IR I B T BRI R B B R AR AL
P55 . HIZJ7 % HETFAHE 2 AR, Rl

— AR (TG Burgers J7f#) J&
T b AT B AR AR A o3 7 B A T i s[RI

HCAd b i v DL iR B R 3 R A8 LR (scale col-
lapse) . Kuo %1 1 T 424 43 51 i B Jo K Bur-
gers JTREWFFE 2 H0A% B H AN 5E 235 3 2 Has B H
BRI 2250 r BT R RE . AR SCHEAN 44 JFNK X —
SEOT AR . N JENK J5 et 4 e i 22
— AR LM R TR RS
A2 RSB R i,
Mrafaalr RO H R iR e 22 25 W o A AEAE
R BT 3T 28 R H A s ARk, Ry
A I R e A R CHEZR A B AR HE SRR Y A
ASCAESS 2 75 45— GEAR Py A e
HEMEA; 63 TR BAZ JFNK Jrik; 46 4 19
XIBEAULE R IEAT o085 55 5 WX ARSC AR E2 45
WA/ RS .
2 —#HELXMEFERAENEREER
NESTEN
2.1 —HIEXRUEFRAEMNEREFIE

— RS 7 (inviscid Burgers equa-
tion) ™!, HIEAATF -

Wty 2y, (D
ML EM T WA,

u(x,0) = f(x) = u—arctan(x —x,), (2)
Hf A

u = u—arctan (x —uw — xp). 3
W, X (3) XE = sy, A

du b (4)

dx 14+ (x—xg —w)?’

1E 2=z, +ut &b,



54 BRI HERT - TENK J7 ik AR AR i o GE AR 2t -0 77 A 1 o A

No. 5 CHEN Chang-Sheng et al. An Application of JFNK Method to Solving the 1D Nonlinear Advection . .. 965
(ﬂ> = (5) F(x) =0 (12)
e PR RGO AL Jet F Ok ek 22 1

RS xR EVER it AT x 0T L
(52) _ === o) BRI

WAL UL, BHNZ T FRIE 2= a0 Hat 425 [8) 53 A B
JEARK, A (WARRAZ D . g, =1 i
ZI PR o R )E 43240t E] (the scale collapse time) .,
2.2 RBXESEKX

/% u:ﬁﬁLu/ ’ %ﬂ:

Ju du
9t+u91‘ =0

A

?)u/_’_ /au/_~_,9u/ —0 %%
a Y or THor T

HBEME, wE 5 H
du du | _Jdu _
a0 TR TEG T
425 — Fr Crank-Nicholson #% =, (fajic & IM #%
KD TR
okl w1 w1

U —uf l[ w1y Wi U vy,
N +2 (™ +w SAr + (i + )

0. (8)

Uil “Wi | open
e J=F =L N+

VEDgHEE, TRl Xy — B2 B aias =0 (SD 224>

J7 e
nt1 1 n n nt1 w1
u T WU — w1 uih —uiy
oae W oA T <“ one T
MUY o, =1L N A0)
2Ax v ’
B T Fr g2z GEh EXHSRD 200077
w1 n—1 n n
L E— - gy W U
AL + (w} +w) AL 0,
j=1, N+1 (1D
BT TSR,

3 JFNK FiEEmEHE

3.1 JFNK 7i%

JENK JEp & s, e 20 uiEam
JZERIRE : SMZENAELNE Newton 350, NZEH
Krylov F23 [AIL LA, RN AE Krylov A
H W F Jacobian-free Tl .

% &I an

F(x*") = F(x*) + F (x") (" —x*) +0L(6x")" ],
(13)
UERR XA v B A, AT LAS 2] Newton 3£/Q 1)
N
J(xHoxt =—F(x"), (14)
i, k B Newton LI %, J=F ) Jacobian
FHRE
IF(x*)

.]i,j(x/z) - B} 1) (15)
(Ij
é\xk :leka, (16)
I Ja PUT S 2 bk A58 r ) 4
| F(x*) ||
H F(xo) H <€n’ (17)

Hrpr, e, AR MEZ AW S bR e, &R/ N
(R3CHLe,=1.0X1077),

AR (14) 2R T ox' ARG, H
Newton 3£ 732 b FHAA P R HME AL, 40 i AR LT
FEfitt Jacobian & B A 45t A T HSC S 42 N 4
(. PS5 45 A —2F Newton AR it
Jacobian FEFEFUER T BR4L (14 MAH A2
15 R R AR L B SRR R B R
JrEdl (14) 19 Newton S A M S E HE.
P, 758 Krylov 25 [A] 2 M 1% AR5 SR A 2F it
HEARA I, Krylov F25RIER ) 22— KA H AR
PSR AR R I Ze M RR A B a6 ARG PR DL Y
) AU X — 2 Jr ik iy T S /N Bk R
(GMRES,
rithm)£26] |

SHF A D, 4% — W hiR
If 5k

Generalized Minimal Residual algo-

0» FHEIH)

ro =— F(x") — Jox§, (18)

1
(19

Hd, 6=Grosr)V?, B v %, FIH Arnodi J7

HEPIR T Krylov T8 [ (vy s s oo av, b s X4 m 4k

HIER L, LA Vo =[viove v, o BIGTHHR
ot = oxt +avi 4+ F+a,vn. (20)



P 31 &

966 Chinese Journal of Atmospheric Sciences

Vol. 31

XER ars e a, WL r, = —F&') —Jox;, 1Y
Eucild {555/,
Krylov #ECH 21 2 4T 2544 RIa] {5 1k
| Joxt, + F(x*) ||
| Joxt + F(x*) ||
Hrr, v e WAL TEASCPE y=1.0X107°,
TEER S, 78 LRt E S g (18) M
2D ALK Krylov 25 W] i #4 3& #6 6 M3t
B Jacobian fi 5 &R, FHEEIHE SR
o Jacobian HiRERI AR THEE LA RATAf I TRIXGE , AR
& Taylor EFF, %I Jacobian % 4 5 ] & (1 e FLR
FA R 1Y Jacobian-free Il ;

Jy — F(x+ev) —F(x) ,
€

K. e NS SR, R e BIR/DER x| v
MR A . R e RORNT AR 45 R ELE 1 e
{ER/N, WIZEREZ B ARG R TR R ARZEN
S, SCHRES. 28, 29 145 H T ARG « BB %6
ARSCRFISCHRL 28 138 i 1Y) ¢ BUETT5E . B

€:N||1v\\2;a‘xi|’ (23)

K, adt—HEL AXCPH a=1.0X10°,

M (22) i Newton-Krylov 7 EEHHE
PR RT3 A i RIAE 6% Jacobian &5, [RIAI T &
R R D, 3 5 B Bk O JENK (Jacobian-
Free Newton-Krylov) 7k,
3.2 ETHENBINMEHSE

XFF KRB ER R, £E JFNK i
Firh Krylov 25 [8] i 1158 G e 22 o TR 1Y
RGENAF . HAR IR ST B A3 Al sh
FE o MRS EE 5 RBUE R IE A 06,
NERAEITE ' N § G B A
GMRES 3Kf (14) if, 50 IS P(precon-
ditioner) DIt GMRES Byt

BIALTEME. (10 RpERAR N

<y F&H |, @D

(22)

J(HP'Poxt =— F(x"). (24)
A J =JP ', ox'=Pox, WA

J () (6x ) =—F(x"). (25)
FBE. B B3R GMRES JridoRkfif ox'. ffaits

ox =P 'ox’, (26)

753 ox , FALA Newton i#E48,
WA P IEE . FERC: b nT DU o 5 [ 1) A

e, W ILU P50 . X350 % . AS5E4 Cholesky
R . RSPy LS R TR, Al )
PR A 17 fb 3R A5 55 T 0 BEML ) B A 1ES 0,
Knoll"*" Ji Fi— B [8] 22 435 A 151 B 22 43 )5 FE 1) i
4, Mousseau 557 7E 3R fift 42 R 4k TR K Oy 72
Bz B R 2 B IR, AR SRR
— R 2 —4E R R O R BT N

A

—Brelaaias Xz e
ntl n n n ntl nt1
Wi —up oo, uin —ug 1w —u

A W T oA T (“ one

_uin —uia _ T

I )=0. j=1.N+1. 27
L

ou; = writ —ul, (28)
¥ eD 5ok, fi

ou; | u_ Sy ) ——

Al +4AI(614]+1 81/(]71) Vi (29)

Hrbr, o dh 27 rp BAR Dy n I 2009 BT I
EXE R
PSu =—R, 30
Hrpr, ou RS AL B Su; LS ] &, T R
RRZEE, FEME PR B X MR, 5 AT
u 1 u

Pj:{"' T iAr AN AAx }, 3D
H (15) AP, IM A% Jacobian Hi R R =% ff
. 25 51T

]]’ -
{-___Li—f—u’,-’” iJr(u}ill*u’,ﬂll) u+u'! }
dNx At 4Ax 4Ax ’
(32)
Hr B S B E N E CRFED.,
P]‘ —
PP L
/ AA\x AA\x A \x

(33)

g b, N JFNK 5 oK g 4k etk o B 4

(12), HiemPmEAAE Ao KL, 5IAmKM

8 (25) &, H GMRES Jisk g ox', B (26) =X

53] ox . FAUA Newton 348 (17) 2. BEFTUREKL
FIWT, TR —RERIEH . EEIEA B LU,

4 BRERDH
FHEAAR AR « MRS A &0 F



54 BRI HERT - TENK J7 ik AR AR i o GE AR 2t -0 77 A 1 o A

No. 5 CHEN Chang-Sheng et al. An Application of JENK Method to Solving the 1D Nonlinear Advection . .. 967
PR 2. 2 o =R 22 00 O AR E M KO ROk onnl@
CFfEpT AR LD . BTS2 T . KB —1, .11
1] b, 250k s B N =325 B[] 20 HER A 433 B 0091
272,275 e, 278,270 A @ 4FHIIR 0. 0, 5 007)
1.0, 205 HIBEZHC 0 BIBUEN — . LA R5¢0 2 00s)
ST A WEAR S 0.0 2 1.0, 0031 _ 1
4.1 ERERBEERITERBE A B8 0014 = glx
SELMEATEE SAF IR, 24 i [R] 2P KR I (i 7,
AP R X TCE S Bk i A R, FRil2 —In Ar/In2
BEASREERI , TG b ARt T A PR E 03] ®

HAEGHXEL—1, 1] L, ZMERSBIEHT,
=Tk ASADLAE SR 1 34 5 R 22 BN [R] 25 K ) 284k
BB Do BL Al Zerb e i &8 43 Sy 1550 ik i
(B BT, LR, TRD. AT,
B gh ARG el T =R e e th =5, 4
I DA BRI Bt A B R i i
Ml PIFR S TR, e B A AR I, £
FEEZE SO . BEAh, B aXak 2 LR B I
B[] 23 R A 4 o A I e s e s g =C Y
G B2 AT [R] 73 HE A i v T B A8k . M BGHR| =
BRI oAk U hG BE f ey LIS ] 3 30
RGBT, 2 Ac=2"7, a=0.0 i, FRaEat
K CERAD #2517 0.975 f%, a=2. 0 i}
BP0, 428 £, BB A T 0. 528
i

N ENGEIL, FAT4 1 EX (SD A% 05
AR @=1.0, a=2"" FEE @=10, &=
277 H:J‘, Eﬁ*ﬁﬁﬁgi@ﬁ*ﬁﬁ%ﬁ%/ﬁﬂ%ﬁﬁﬁ%ﬁp Bl 1 =102 =N RIEZE: () 2=0.0; (b) a=
E/‘Jﬁ/ﬂ:mﬂgﬁ (IEI 2). ﬂﬂ, %/IHTJ‘ I‘Eﬂﬁ;ﬁ%ﬁﬁﬁj‘ ;i,:;I(C)Ttle:i):t-mean-iquare error (RMSE) for fully implicit
(Fé—] 2a) 5 E%ﬁ*ﬁﬁﬁif%ﬂ?ﬁ@E‘J%%ﬁ%‘@%ﬂ%ﬁﬁ‘f&k_t (IM) scheme, explicit‘(EX) scheme and semi-implicit (SI)
HR A S = T LA P AP A% 25 Y B[R] S R AN scheme at r=1; (a) 2=0.0; (b) a=1.0; (¢) #=2.0

—In At/In2

1
0.9 @ i 7 0.9{ ®
084 —IM i Ve 084 — M M
074 ——EX ; e 074 ——EX i
—=I { e —=I i

m 0.6 / P m 0.6 Jn

£ 051 P ZNRE .

5 ! i 5 ’ P
0.4 i 04y — ]
0.3 g 034 7 T r

- / ! /
0.2 T 0.24; L/
0.1 iz 014 L
0 === 0 =
0 2 4 6 8 10 12 14 16 0 16 32 48 64 8 96 112 128
1/At 1At

B2 =AU iR ST R B R 2R () a=1.0, Ar=2""; (b) a=1.0, Ar=2""
Fig. 2 The RMSE variation for IM scheme, EX scheme and SI scheme in the whole integral course: (a) #=1.0, At=2"*; (b) a=1.0, Ar=2"7



KoOR 1%

968 Chinese Journal of Atmospheric Sciences Vol. 31
(K 2b) ., e EX AR IR ZEARIRIR . SIS
AU G B2ty C5 A R (A 121 @
3. UBUNE 1=0.8 AR I, R o]
s et IM AR S LA I sEr i, B2, 0.3
JCIE I [E] 3 B An s, IM A XA 3 0 R 22 B AR =0
SRR A BT R o
4.2 *E*u%%ﬂ-gﬁfqu u H’J’Eﬁl!ﬁ&'ﬁ =099 — Computational solution

(PR LT L, % Ac—2 O, £ i U AT s e
DA BB AEE IR X HLLAHC Ar=27° I 40 o a0 04 08
SRS ARI 0 AR o R
4.2.1 REARER 0.9-

Pl 3 5 I ICHA (B =0. 0) fi5 50T =Fb 067
REAIBEE R . A] IR A% SR DSR4 . %:

FHAWP A, 8 RIUAERAE S, BRaas
TRAEHEAN T3 X ] P B 3% SV 5 1 BT i A0 IR o —
o, 0 2 B A 2 R A 578 A D)
P sl . e i 2Cas R sk i b Rk
4.2.2 ARZASHE a=2.0

MIEAMSEHI a=2.0 i (K 4, 7] IR
W1 R, 75 =1 I 20 B Ak gl - 5 A fige Al
s HAT AT M DR 1 AT i I 2 ) Sk
ik T . 2R 2 R 2O AR AR 3 e R v 7R 58 7% S
WA e B3l . Hoia) BT il , RN AE i
Mg E&m 7 —F 508, Fele Bk, X5
FEA N IEAR s AT LA A SR B 0 At % 3 2 Ry 1) b i
PR, R S . =g B IROR . el
I, PRz, BARERCHE .

FLEIE 3 FIEl 4 B, BEASEWAATE 75 2 X
A B s U H AR 28 SR v 58722 o B AP 50 L B0
B FE IS 2B X, A I RO A 5L
i (gD . B R fR s R A R LR R
ik, HBEEAS TR I 2, i B X 45 SRR 4
HPREE T RN AR R ARRAE s 52 BE AR A2 AL 2 i AN
M.
4.3 X E 5 Talh BB K X RIE L

FEJORKG Burger Jr R IUENTES 78 2= Tut
Ib, B S AT R EEAR K, LAY i (ERFR R AR
RO TEEFRRITEIREZ IR ER N IMRAELE,
e MR S B T P R ) — I NG . X
XU AL RE ) W A I BUE AR L 25 B — 1>
HEJ M XA IE A SCR FTC K Burger J5 #24E
T G0 A

=099 — Computational solution
—1.24 —— Analytical solution
—08 —04 0 04 08
x
1.21 ©

—099 — Computational solution
—1.24 —- Analytical solution
—08  —04 0 04 08

X

B3 =12 =Fkg NI (Ar=27F%, u=0.0): (a)
IM A (b) EXAE (o ST, S8R WEUERE: BN
b

Fig. 3 The simulation results for fully implicit scheme (a), ex-

plicit scheme (b) and semi-implicit scheme (¢) at t=1

Y 4. 19RT 4 2 AR AR E R rT LLA . L
Fofvs AU 235 2 1 d5c K 22 ol 2 HH BAE T S i
AT KSR ADER 22 (1 BRI, R Al LA
I FE s B O 18] 528 B G B REALLRE T W
T THABP AR FE 20 Mo s K
FET X = Ak SR RS R T iRk 22 (]
5)» AT LAY Wi 3t 7 ) B s 0 2E R =5 1a) o A B
BORMBIE (9 R G BAUST R 7. HARBUE AR E /Y
ZEAFR BEI 5] 23 R A 4 i LA S ] (2

J3B s ARSI AR 25 6] 73 R A A T



54 BRI HERT - TENK J7 ik AR AR i o GE AR 2t -0 77 A 1 o A

No. 5 CHEN Chang-Sheng et al. An Application of JENK Method to Solving the 1D Nonlinear Advection . .. 969
3.5
(a) 021
3.01 0184
2.5 0.154
2o 2 0121
= u
’ E 0.091
1.5 0.06 1
' ' 0.03 1
1.0 — Computational solution
—— Analytical solution 01
Oy T 6a 0 04 0 10
—0.8 —0.4 0 0.4 0.8
x
3.5
(b)
3.01
2.5
2
3 2.0 E
1.59
1.0 — Computational solution
—— Analytical solution
0.5 T . T T r T T r
—0.8 —0.4 0 0.4 0.8 10
x
3.5
©
3.01
2.51
2
s 2.01 5
1.59
1.0 — Computational solution
—— Analytical solution
0.5 T v T v v . . . .
—0.8 —0.4 0 0.4 0.8 1 2 3 4 5 6 7 8 9 10
x

B4 =1 W2 =g EmEER (Ar=275, u=2.0): ()
IM A% (b) EXAE; (o) SUMS. SE8 W AUE R MLk e
irfi

Fig. 4 The simulation results for fully implicit scheme (a), ex-
plicit scheme (b) and semi-implicit scheme (¢) with At=2"6, «

=2.0atz=1

T B8 TS EREA—HUR AR, HEE =S
PR . AR HR A BT . DLk
Bk U B A 7 A E P W f P D T ) U
P ARGy st PR 12 O e R AR A B sy 0
I AFAER AR . ) S AEASL U058 1 45 25 ] A
—Br ALK TRG T AR AR T
FTHAMRGEWRE S, B2, RS0 A R R
JE . AN ZS [RIRAIE 9 2R e B A AR Gy o Rk, 2
AR T A Ji 22 RUBE R AR U 7 2

—In At/In2

5 IZIRAE R TR BB TR B 22 . (2) ©=0.0; (b) &
=1.0; () u=2.0

Fig. 5

scheme, explicit scheme and semi-implicit scheme at t=1; (a) u

=0.0; (b) a=1.0; (c) u=2.0

The RMSE in the scale-collapse area for fully implicit

5 gEmITE

A SCA R B ks A — HE AR R T T A
1, BT JENK 5 6R if afeaE etk I i A
RSk b s SO A b 2. AT
TEAR G g e 1 A s SR A T 7 19 2 A S )
A (EAGRE— 2 N 05 T i DR B S 2k (1 2 e XA
ANMEITRECN AT RE . IR, BADLA5 SRR W], FasXsh
5 8 FONR B aRE R FE AT I B Bk «

(D) YifERERBORE, Bk A e



P 31 &

970 Chinese Journal of Atmospheric Sciences Vol. 31
il s MDA BN B R R IR H, =W}AV,. (Ad)
(2) RGEMEEAT R, BB, R H, 52
ATENEE B xs L # 8] 2 det(H,) # 0, (A5)
(3) R ERE M HABRRMER W EE N FIER % .
RGP R by, RS g g X, =xo+V, H' W, +ry, (A6)

AL R BRI BN TR RR B 080 . 2 i 1] B i A
18

H1 AR S0 HUR R 2 s ORT JENK J7 34 45
BREATHIA K, PG, FEBRIE KON 7 TS A
HE— PR TR 5EE

i  Krylov FEEIER A
Krylov 23 [a] X 7 & — 28R 5 A 2y K
il RIALME T R
Ax = b (AD)
IR, 7R 20 4 50 ARRR) e s
{HELH] 1971 459 Reid ™ g2 A5 AAET . &
FE AR A ST . BB, TR R Sy
TR TARZ TAE.
BOE R 0 ) g2 ] p R — S
) Ko rp F 3R U, 725 (8] K R84 & 25 1)
G2 . R F 25 A 4EEL dimK=m, W]k
TE K HoR B —A IR, 7 2EA m AR &0 il
HRM m AR R, R, LR Gk A & r
=b—Ax 5 m NEMTC R EIELW AR, X m
AMEPETC R MRS LT 73—~ m 4EF=5 6 L,
IR Z R BRI 23 (Rl S AL 23 T
Krylov 775 R HIE . MR8 23 Rl BT
AFRAS AR Z . W FOM Jrik . IOM J7 ik,
DIOM J5 . GMRES Jy ik % 5, A SC R H 1 &
GMRES (" SUfR/NVE i) J7ik.
A.1 Krylov FREHZERIEIR
YR R (A, SH A% E L
MK, 53514
{L— span{wi Wy, W, } (A2)
K = span{v;v;,*,v, }
Hrpr, span{ }FRanFAEME CRED, wvi(i=1,2,
eom) SBR[ S BLMETC R . R x N
VIR EAE , T 1k TR R ) — il DU -
X, = Xo + 22, =V, ¥y, € K
r,=b—Ax, =r,—Az, | L
Hh, ro=b—Ax,, &

(A3)

B2 EIRAKIBTCL IR, AV, W, i
#sE s 4 K, L, 735024 Krylov ¥4 8] ;
K, (B.r,) = span{r,,Br,,*-,B" 'r,}, (A7)
L, (C,r,) = spani{ry,Cro,++*,C" 'ry, } (A8)
Hrr, B, Cop5lh 5 A A RMHERE . I FRiZr ik
H Krylov 725 [

KRZH Krylov 75 [M B 5 AR LA M
FPEAE Ak 3k B2 4 38 25 0] . 38 3 Gramm-Schmidt
ERALIEBAGE woov, (=1,2,++.m), F{fif3 H,
A | Hessenberg [, B{i# it Lanczos X IF 28 5 ¢
145 H,, =X k.

A.2 GMRES Fi%&

GMRES & % b TH L=AK [ Krylov F
ZSaE, XA EWIE xo . ro =b—Ax, NI FEIH])
Iagk i, X

n=" (A9)
Hep, 0=y r)"? 0 ZJEFHRH K AT Arno-
di FEAH K W — AP fEfL IE A HE . Arnodi J5 7
FETHEE H — bR fE TE S HE B[Rl I8 (75 Hessen-
berg Hil4 H, FHE(ERES A HYRFEE S Rzl

TECH v vy, s V; R visvesee 2 Vi Av; &k
Je s W] F X A ) B OR H — G viave ey R
A o) B A IE A Y )

w; = Av; — hyjvy — hojvy — *=<h;v;. (A10)
FIH w; s v) =0 5(v,,v,)=0,i7%L, A%l
hy = (Av;,v), i=1,2,-,5. (AlD
i
hiv,, = (w w2, (A12)

BB 2] Eucild 88T 1 HE viove, ooy, H1IH
B ] A 1E B ) ) o
w;
i,
DA BT LIAS B —2H m 4ER9 IEACHE, 12V,
=[visvsrov, | W GMRES J7 8L Rl 2A
X, = X0+ V.Y (A1)
HIE, Hd y, NTEER m 4emat, BTl

(A13)

Viti =
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‘If(y) - H b_Axm H 2 = || ro _Amem || 2 =

|| 6"1 7Avmym || 2 = H &"l 7Hmym H 2 (A15)

HT X, R xo K, R (| b—Az |, 5B/
AARAS z [ fE . Fr LA

xm == xO +mem (A16)

y/” - arg min H &l 7H17'lz || 2.
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