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ABSTRACT

The breakdown and foundation of geostrophic balance is one of the important movements in
the mid- and high-latitude atmosphere and oceans. In the tropical area. the value of Coriolis pa-
rameter is so small that it is difficult to satisfy the bi-geostrophic equilibrium between the pressure
and velocity fields. However, in the tropical area, the zonal velocity of some motions in the atmo-
sphere and oceans is large, so the Coriolis force is not small, geostrophic balance can exist in zonal
direction. i.e. semi-geostrophic balance. Furthermore, in the dominant area of Hadley circulation
in the atmosphere or the area near the ocean meridional boundary, the meridional velocity is large,
so geostrophic balance can also exist in meridional direction. In this paper, the process of the dis-
persion of inertial gravity wave and the foundation of semi-geostrophic balance are first discussed.
Second. the adjustment process between the velocity and pressure fields after adaptation is also
viewed. and the scale criterion of the semi-geostrophic adaptation is discussed, i.e. for the motion
with meridional scale greater than the equatorial Rossby radius of deformation. the velocity and
pressure fields after adaptation change to fit the initial pressure field; on the contrary, the fields
change to fit the initial zonal velocity field. and the strength of the fields after adaptation depends

on the zonal scale.
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I. INTRODUCTION

For the motions of atmosphere and ocean of a rotating earth. if the change of Coriolis
parameter f (=2{sing (2 is the angular velocity of the rotating earth, ¢is the latitude)
with the latitude (.e. S-effect) is ignored, and the initial equilibrium is disturbed, then
inertial gravity wave will be stimulated, with the dispersion of the wave, a new geostroph-
ic balance will be founded through the mutual adjustment and adaptation between the pres-
sure and velocity fields. The process of the dispersion of inertial gravity wave and the
foundation of geostrophic balance is known as the geostrophic adaptation (the field of
adaptation follows an invariant of potential vorticity). The movement under the
geostrophic balance is called evolution movement. Since Rossby (1937; 1938) first put
forward the concept, there have been many advances, including the contributions of Yeh
(1957) and Zeng (1963). So to speak, the geostrophic adaptation of mid- and high-lati-
tudes is basically clear (Yeh and Li 1965).
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In the tropical area, the Coriolis parameter is so small that it is very difficult to satisfy
the bi-geostrophic balance in both zonal and meridional directions, simultaneously. The
geostrophic balance often exists in one direction, for example, the changes of physical field
of atmosphere and ocean mainly emerge in a narrow equatorial area whose width is about
one Rossby radius of deformation, and the movements along the zonal direction are uni-
form and the strength is strong. so it is possible for the geostrophic balance to exist in
zonal direction, and generally we name it the long-wave approximation or low-frequency
approximation. On the other hand, in the area near ocean meridional boundary, the merid-
ional velocity along the boundary and the pressure gradient vertical to the boundary are
large. they approximately satisfy geostrophic balance. Similarly, in the dominant area of
Hadley circulation in the atmosphere. the movement also satisfies geostrophic balance in
meridional direction, the change of physical field of this movement along the zonal direc-
tion is large or the wave numbers are big, so it is called short wave approximation. Since
the geostrophic balance generally exists in one direction in the tropical area, the balance is
named semi-geostrophic balance, the founding process of semi-geostrophic balance is
known as semi-geostrophic adaptation, the movement after semi-geostrophic adaptation is
named semi-geostrophic evolution movement.

In this paper. the process of the dispersion of inertial gravity wave and the foundation
of semi-geostrophic balance in the tropical area is viewed, and at the same time, the mutu-

al adjustment of the fields under the semi-geostrophic adaptation is also discussed.
II. THE EQUATIONS OF MOTION

The linearized shallow-water equations in the equatorial 8-plane are

du _ a9 _

37 ﬂyv—l-ax 0, D)
dv ¢ _

3t+'8yu+3y_0’ (2)
¢ 2 du | dvy

at+c(a—z+—ay -0, (3)

where «# and v represent the eastward (x) and northward (y) components of velocity, re-
spectively. ¢ is the geopotential height of the atmosphere, for the ocean ¢=g'7, 7 is the
disturbed depth of the thermocline, and

g = ug, @
P2

where g is the acceleration of gravity, g’ is the reduced gravity. The ocean is separated in-
to two layers with density p; and p,, respectively; the lower-layer with density p, is mo-
tionless. The corresponding speed of gravity wave is

C = (g’H)l/z, (5)
where H is the depth of the upper-layer. Generally, for the baroclinic fluid. the motion
may be expanded in terms of eigenmodes in vertical direction. For any mode, we have

C = (gh)'?, 6)
where & is the equivalent depth of the eigenmode. ¢=gh. In this case, Egs. (1) — (3) are
the horizontal structure equations of the baroclinic fluid corresponding to certain vertical
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eigenmode.
Taking the time scale (28C) "% the horizontal scale (C/28)'2 the velocity scale C,
and the geopotential height scale C?, the forms of non-dimensional equations can be writ-

ten as
€ 2% 2w+ ¥y, ™
ezz—’:+%yu+§f=o, (8
63%?+3—Z+%:o. ®

where €,(G=1, 2. 3) is the sign symbol, it takes 1 or 0. When taking 0, Egs. (7) — (9)
represent the meridional geostrophic balance, zonal geostrophic balance and non-divergent

motion, respectively.
Egs. (7) — (9) give

du AW __ 1 v, a%
61633—1,7_3—1_2—63 Zy t+313y’ 1o
I AW _ 1 du, 3%
€., esﬁ—ﬂ—z— €, 23’ : +3.’an. Qo
Eliminating « from Eqgs. (10) and (11) gives
A _a¢ 3F o1, 9v 1 9v
61 ez esatg (ezaxz +€13yz 63 4y) 37 2 3z = 0. a2

Eq. (12) is Matsuno (1966) equation describing the tropical trapped waves, including
high-frequency inertial gravity wave, low-frequency Rossby wave, inertial gravity-Rossby
mixed wave and non-dispersion Kelvin wave. Figure 1 gives the dispersion curves of vari-

ous waves, including the westward propagating boundary-wave with damping amplitude.
III. THE DISPERSION OF INERTIAL GRAVITY WAVE

Ignoring B-effect, Eq. (12) becomes

3% a?l 3’ 1 a
€ 66— (EgatEiz €5 =0 (13)
Integrating (13) over the time gives
3% ke at 1
€, €, €3a—t; - (EZE +€, a—yz —€; Zyz)'”
2% a? at
= [€1€: €157 — (Eagm TE€155 — € pyvlen (14)

Since the initial motion may be non-geostrophic and divergent, the motion is still con-
trolled by Eqgs. (7)., (8). (10) and (11). Considering Egs. (11) and (7). (14) becomes

R a°t 3l 1
€,€,€; EYS — (Ezazz +€, a_yz —GSZJ’Z)U
d 1 d J
= E[Ea 73’50_ (€. £ —€, ﬁ)]wo- (15)

Ignoring the sign symbol, Eq. (15) becomes
3% 3 iz 1 oL
37 (aI2 +ay2 4y)v—F(I,y,O), e

where
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Fig. 1. Dispersion curves for equatorial waves. The vertical axis is the frequency and the horizontal
axis is the east-west wavenumber. The curve labeled 0 corresponds to the mixed Rossby-
gravity wave. The upper curves labeled 1 and 2 are the first two gravity wave modes and the
corresponding lower curves are the first two Rossby wave modes. The straight line labeled
—1 corresponds to the Kelvin wave. The dashed curves are the boundary waves.

— 91 ,_ (9v _3du
F(I9y10) = al_[zy¢ (al‘ ay):' $==00 (17)

Eq. (16) describing the dispersion of inertial gravity wave is resolved under the fol-

lowing conditions

t=20, 'U=¢1(1'9y)1 g‘;}=¢z(l'9y)9 as
lz| = oo, v 0. a9

Variables v, F, @,, @,are expanded in terms of the parabolic cylinder functions (i.e. We-

ber functions) :

v = D v.(z,)D,(»), (20a)
F = X F.(x)D,(y), (20b)
P, = >,9,(2)D,(y), (20c)
P, = . (0D, (. (20d)
Therefore the coefficients of the Weber functions satisfy
2% 3%, (n+ 2w, = F, (21)

and
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dv
at

'xl—»oo, 'U,,—>0. (23)

t=20, 'U,.:¢1n9

¢2n9 (22)

Using Fourier method or Laplance transformation. the solution of Eq. (21) satisfying

conditions (22) and (23) is
AT =]
/

Vit — (x — 2"

= J qj]n(l‘ )
+%J1¢zn(x’)Jo[ n + % m]df

+%ﬁff“f”4 w+%v7i7?:?7PfM, (28)

where J, is Bessel function of order v. Using the properties of Bessel function, i.e., when
time is longer, the influence due to the initial conditions disappears quickly, then the main
contribution of (24) is

m:%ﬁimww%n+%¢ﬁfat7ﬂhw“ (25

Derivation of (25) with respect to the time is

dv, _ 1[=
37 ?J_an(I,)Jo[ n + % m]dx’. (26
Now, continuously evaluate the solution as the time increases greatly. If the value of
F, focuses on the original point, then assume
F.(x) = A, d(2), @27
where 8 () is Delta function. Considering (27), Egs. (25) and (26) respectively become

A, [
'0,.=“2_LJ0[ n+% «/t’T——xi]dt” (28>
d v, A,
5 :7Jo[ n+% /tz—_x—zJ (29)
Note that in the area of :>z. when t—>oc0, Eq. (29) gives
2% ~0¢ D), (30)

t—l/z

i.e. the time derivative of meridional velocity decays according to . but the meridional

velocity does not equal zero. In fact, near the original point (x=0), Eq. (28) gives

v,(0, t*w)z%JmJo{,/n+lt']dt, :L, GD
[ 2 1
2

n —_

2
which denotes that the meridional velocity is definite, and the value is small with higher n,
i.e. the lower-order mode plays an important role. When n=1, the change of v,/A, with
the time is given in Fig. 2, showing that the value is almost the same as the theoretical val-
ue 0. 408 of Eq. (31) as the time equals 20.
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v/

Fig. 2. Solution v, of Eq. (28) at n=1. The vertical axis is the meridional velocity in units of A;. The

horizontal axis is the time.

IV. THE FOUNDATION OF SEMI-GEOSTROPHIC BALANCE

As the time is longer, after the dispersion of inertial gravity wave, since the time
derivative of meridional velocity almost equals zero, then Eq. (8) becomes

1 =29

i. e. the motion satisfies the zonal geostrophic balance. In fact, the foundation of zonal
geostrophic balance is equavelent to €,=0. Ignoring the sign symbol. the meridional ve-
locity after adaptation satisfies

a 2
Noticeably, the initial motion may be non-geostrophic and divergent, so the sign symbol
of the right-hand side of (15) should be taken as .
- Eq. (33) shows that the meridional velocity is directly given by (33), when the
geostrophic balance is founded and the inertial gravity wave completely dispersed. Eg.
(33) also denotes that the meridional velocity after adaptation is determined by the gradi-

L 9dF1l - dv _du
4y)v—ax[2y90 G2 ay)],=o. (33)

ent of initial potential vorticity along the zonal direction.

Note that the zonal geostrophic balance can remove the inertial gravity wave, and
make the fluid fields mutual adaptation. The zonal geostrophic balance is not a unique
method to exclude the inertial gravity wave. In fact, from Eq. (15)., when meridional
geostrophic balance exists between the velocity and pressure fields, i.e.

1,29
2 yu = Iz’ (34)
the inertial gravity wave is also filtered, and the fields are in mutul adaptation. Similar to
the previous deduction. the zonal velocity after adaptation is given by
d -, dv du 1
4y Ju = ay[(al‘ ay) 2y90]:=0’ (35)
showing that the zonal velocity after adaptation is determined by the gradient of initial po-

tential vorticity along meridional direction.
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V. THE INVARIANT OF SEMI-POTENTIAL VORTICITY

In the motion of geostrophic adaptation of the mid- and high-latitudes, the physical
field after adaptation follows an invariant of potential vorticity (Obukhov 1949) governing
the motion after adaptation. Now, the corresponding laws in tropical semi-geostrophic
adaptation are discussed.

For the zonal semi-geostrophic motion, based on Egs. (7) and (9), and considering
Eq. (32). we obtain

% Sy —— (33% — 1. (36)
Substituting Eqs. (32) and (33) into Eq. (36). and ignoring the term associated with the
change of y in order to exclude B-effect. we yield

dp% 1 .5 3rl v _duy 1,
aztay YR =Ll Gr T 3 T Y (37)
Integrating (37) with respect to x becomes
3 1 o, 1 rdv _ duy 1
3 52 4y¢— Zy[(al‘ ay) 2y¢:|:=ov (38)

denoting that the inside bracket of the right-hand side is initial potential vorticity, so the
adaptation field of the left-hand side is potential vorticity under the long-wave approxima-
tion. Due to the lack of x-derivatives of order two in the vorticity, Eq. (38) is named the
invariant of semi-potential vorticity.

Similarly, for the meridional semi-geostrophic motion, from Egs. (8), (9) and (34).

we obtain
3% 1, % 1 deg
Py Y= 318y+ 2V 3y 39
Substituting Eq. (35) into Eq. (39) becomes
909w _ 1 o 9cdv_du 1
Iyaz 73"%’] = ay[(ax ay) 2y¢]x=o- (40)
Integrating (40) with respect to y yields
v _ 1. cdv_du 1
Substituting Eq. (34) into Eq. (41) gives
% 1 ., 1 rdv _duy 1
T2 Y= lG 7y 7 YP)im0- (42)

VI. THE SCALE CRITERION OF ADAPTATION FIELD

The study of geostrophic adaptation of mid- and high-latitudes shows that the process
of mutual adaptation between the fields depends on the scale of motion, for the large-scale
initial disturbance, the velocity field changes to fit the pressure field; for the small-scale
initial disturbance. the pressure field changes to fit the velocity field. Now, the scale-cri-
terion in tropical semi-geostrophic adaptation is viewed.

For the zonal semi-geostrophic motion, if knowing the initial potential vorticity, then
the pressure field is given by (38). the zonal velocity is given by (32), and the meridional
velocity is given by (33).
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Let
v =0,
t=0, <u=ue e, (43)
¢ = ?ye_ﬂlzze_azyz ’
where

a = (Lo/L))?, a, = (Ly/Ly)?, (44)
L,= (C/2B)"* is the equatorial Rossby radius of deformation, L, and L, are zonal and
meridional characteristic scale of initial perturbation, respectively.
Substituting (43) into (33) and (38) gives

J2 1, o 0N o ma 2t eyt
(a—yz — v = et dauDzeT N ye (45)
2
(a_iz — TP = e — pOe Tyt (46)

Variables «, v. @are expanded in terms of the parabolic cylinder functions, i.e. We-
ber functions:

(u97-19¢) = E (uul'v,.,‘P,.)e—"lran(y). (47)

n=20

Substituting (47) into (45), (46), (32), using the properties of Weber functions,
and taking the lowest order. we obtain

% = —/SZ(SDO— 4“2“0)(‘12 + ';i_)_a/z,

o — =% "2 (o0 gaua (ay + %rm,

Uy = .

From (48), asa,= (L,/L,)?< 1, the pressure field is more important than the zonal
velocity field for the initial disturbance, i.e. the pressure, zonal and meridional velocity
fields after adaptation change to fit the initial pressure field. As @, = (L,/L,)?>> 1. the
zonal velocity field is more important than the pressure field for the initial disturbance,
and the fields after adaptation change to fit the initial zonal velocity field. Furthermore.
the strength of the meridional velocity after adaptation depends on a;. As a, is small (.e.
the initial zonal scale is large), the strength of the meridional velocity is small.

In computation. let the non-dimensional variable ¢ =#°=1. Substituting (48) into

(48)

(47), we obtain the structure fields after zonal semi-geostrophic adaptation.

From Fig. 3, for the large scale initial disturbance (.e. a,is small), the value of the
pressure after zonal semi-geostrophic adaptation changes a little, but the velocity changes
greatly, i.e. the velocity field changes to fit the initial pressure field. On the other hand,
for the small scale initial disturbance (.e. a;is large), with the increase of the value of
a,, the pressure and velocity fields after adaptation are close to zero, the value of the pres-
sure changes a lot, and the velocity changes a little, i.e. the pressure field changes to fit
the initial velocity field. When the scale of the initial disturbance equals the Rossby radius
of deformation (i.e. a, equals 1), the values of the pressure and velocity after adaptation
both change greatly. The conclusions agree with the scale-criterion of the geostrophic
adaptation in mid- and high-latitude area.
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(a) (b)

Fig. 3. The relation of the variations of the fields after zonal semi-geostrophic adaptation with the
scale a; of initial disturbance. (a) The variations of the pressure. (b) The variations of the
meridional velocity. In the computation. a;=20. 02.

5 5 ¥
4 (@) 1+ (b)
3 ’—_0’ 2 3
2 0. 4 2
0.6
LE0.8 1
£ o
q
-1 o ~1
s
—2 -2
-3 - —3
—4r —4
_.5 g 1 . 1 1 1 1} L L ,_5
o 1 2 3 4 5 6 7 8 9§ 10
Fig. 4.

The structure of the physical fields after zonal semi-geostrophic adaptation. The vertical axis

is meridional length, the horizontal axis is zonal length. (a) The pressure field. (b) The
meridional velocity field. In the computation, a,=a;=0.02.
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Fig. 5. As in Fig. 4 but ay,=a,=4. 0. The interval is 0. 07 in diagram b.

Figures 4 and 5 give the structure fields of the velocity and pressure fields after zonal
semi-geostrophic adaptation. For the large-scale initial disturbance, the velocity field and
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the pressure field exist in large area, and the pressure field changes a little, i.e. the veloc-
ity field changes to fit the pressure field (Fig. 4). For the small-scale initial disturbance,
the velocity field and the pressure field exist in the local area, the pressure field changes
greatly, i.e. the pressure field changes to fit the velocity field (Fig.5).

If the motion is meridional geostrophic balance, then after adaptation, the pressure
field is given by (42), the meridional velocity is given by (34) and the zonal velocity is giv-
en by (35).

Substituting (43) into (42) and (35) gives

d
% o %yzyj = (au® — %qp O)yze—nlzze_nzyzv 49
g%g - %yzu = (%tp"—— 20,u°) (1 — 2a,y%)e " e~ (50)
Variables «, v, ¢are expanded in terms of Weber functions. i. e.
(,0,9) = D) (asv,,8)D, (3. (51)

n=90
Substituting (51) into (49), (50, (34), considering the properties of Weber func-
tions, taking the lowest order and using Green functions, the solutions of Egs. (49), (50

and (34) become
@ (z) =— B[(1 + erf(z)))e 7 + (1 — erf(z,))er"],
u(zx) =— B[ (1 + erf(xl))e“%z + {1 - erf(:cz))e%‘:l, (52)

1

v, (x) = B[ + erf(z,))e 75 — (1 — erf(z,))ez<],

where
b= Y2 e — Lpoert a1+ (a4 1yoom,
B, = %(W— dagu)etes; + a7 V[ (a, + %)‘”2 — a,(a, + %)‘3/2],
1z = a (@ = 4o (53)

Tz = \/a_l(x+4ial)v

2 . .
—Tdr is error function,

erf(§) =

2 &

=l

From Eqgs. (52) and (53), asa, = ( L,/L,) 2K 1 , the pressure field is more important
than the zonal velocity field for the initial disturbance, i.e. the pressure, zonal and merid-
ional velocity fields after adaptation change to fit the initial pressure field. As @, =
(Lo/L,)*>1, the zonal velocity field is more important than the pressure field for the ini-
tial disturbance, and the fields after adaptation change to fit the initial zonal velocity field.
Furthermore, the strength of the fields after adaptation depends on a;, as @, is small (. e.
the initial zonal scale is large), and the strength of the fields is large.

In the computation, let ¢=u’=1. Substituting (52) into (51) obtains the structure
fields after meridional semi-geostrophic adaptation.

From Fig. 6, for the large scale initial disturbance (i.e. a;is small), the value of the
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pressure after meridional semi-geostrophic adaptation changes a little, but the velocity
changes greatly, i.e. the velocity field changes to fit the pressure field. On the contrary,
for the small scale initial disturbance (.e. a;is large), with the increase of a,, the pres-
sure and velocity fields after adaptation are close to zero, the value of the pressure changes
greatly, and the velocity changes a little, i.e. the pressure field changes to fit the initial
velocity field. When the scale of the initial disturbance equals the Rossby radius of defor-
mation (i.e. a; equals 1), the values of the pressure and velocity after adaptation both
change greatly. The conclusions agree with the scale-criterion of the geostrophic adapta-
tion in mid- and high-latitude area.

Figures 7 and 8 give the pressure field and meridional velocity field after meridional
semi-geostrophic adaptation. For the large-scale initial disturbance, the velocity field and
the pressure field also exist in large area, and the velocity field changes a lot, i.e. the ve-
locity field changes to fit the pressure field (Fig. 7). For the small-scale initial distur-
bance, the velocity and pressure fields both exist in the local area, and the pressure field
changes greatly, i.e. the pressure field changes to fit the velocity field (Fig. 8).

VII. CONCLUSIONS

In the tropical area, after the dispersion of an inertial gravity wave, the zonal or
meridional semi-geostrophic balance can be founded, it follows an invariant of semi-poten-
tial vorticity. Based on the invariant, the author points out that the velocity and pressure
fields after adaptation change to fit the initial pressure field for the large meridional-scale
initial disturbance, and the fields change to fit the initial zonal velocity field for the small
meridional-scale initial disturbance. and the strength of the fields after adaptation depends
on the zonal scale.

In this article, taking zero as the value of the initial meridional velocity field: for the
case that meridional velocity is not zero, another paper will discuss it.
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Fig. 7. The structure of the physical fields after Fig. 8. As in Fig. 7 but @ =a,=4. 0. The interval
meridional semi-geostrophic adaptation. is 0. 0005 in diagram c.
The vertical axis is meridional length, the
horizontal axis is zonal length. (a) The
pressure field. (b) The zonal velocity
field. () The meridional velocity field. In
the computation. a&;=a,=0. 02.
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